The generation of magnetic fluctuations by turbulent flow of conducting fluid with a zero mean magnetic field for small magnetic Prandtl numbers is studied. The equation for the high-order correlation functions of the magnetic field is derived. It is shown that the growth rates of the higher moments of the magnetic field are larger than those of the lower moments, i.e., the spatial distribution of the magnetic field is intermittent. The problem of anomalous scaling of magnetic fluctuations is discussed as well. The turbulent fluid velocity field is assumed to be homogeneous and isotropic with a power-law energy spectrum ͑proportional to k Ϫ p ) and with a very short scale-dependent correlation time. It is found that magnetic fluctuations can be generated when the exponent pϾ3/2. In addition, the effect of compressibility ͑i.e., ٌ•u 0) of the low-Mach-number turbulent fluid flow u is studied. It is shown that the threshold for the generation of magnetic fluctuations by turbulent fluid flow with ٌ•u 0 is higher than that for incompressible fluid. This implies that the compressibility impairs the generation of magnetic fluctuations.
I. INTRODUCTION
The problem of the generation of magnetic fluctuations by turbulent flow of conducting fluid is of fundamental importance in view of various applications in astrophysical and laboratory plasmas ͑see, e.g., ͓1-11͔͒. Analytical and numerical studies of intermittency and the generation of magnetic fluctuations by homogeneous, isotropic, and incompressible turbulence with a zero mean magnetic field were carried out mainly for magnetic Prandtl numbers Pr m у1 ͑see, e.g., ͓12-17͔͒. The study of magnetic fluctuations with Pr m Ӷ1 shows that magnetic fluctuations cannot be generated by turbulent fluid flow with the Kolmogorov energy spectrum ͓18,19͔. In addition, in numerical simulations by ͓20,21͔ the generation of magnetic fluctuations for Pr m Ӷ1 were not observed.
However, in astrophysical plasmas the magnetic Prandtl numbers is small (Pr m Ӷ1). Thus a mechanism for the generation of magnetic fluctuations for Pr m Ӷ1 still remains poorly understood. On the other hand, in astrophysical applications ͑e.g., accretion disks, solar and stellar convection zones, and galaxies͒ the turbulent velocity field cannot be considered as divergence-free.
In the present paper we study the generation of magnetic fluctuations with a zero mean magnetic field for Pr m Ӷ1. The turbulent fluid velocity field is assumed to be homogeneous and isotropic with a very short scale-dependent correlation time. We have found that magnetic fluctuations can be generated by turbulent motions of conducting fluid flow even with the Kolmogorov energy spectrum Pr m Ӷ1. The equation for the high-order correlation functions of the magnetic field is derived. It is shown that the spatial distribution of the magnetic field is intermittent. In addition, we study the effect of compressibility ͑i.e., ٌ•u 0) of the low-Mach-number turbulent fluid flow u on the generation of magnetic fluctuations.
II. GOVERNING EQUATIONS
In this section we describe dynamics of magnetic fluctuations. The induction equation in a compressible ͑i.e., ٌ•v 0) fluid flow reads
‫ץ‬H ‫ץ‬t ϩ͑v•ٌ ͒Hϭ͑ H•ٌ ͒vϪH͑ ٌ•v͒ϩ⌬H, ͑1͒
where ϭc 2 /4 is the magnetic diffusion, is the electrical conductivity, and c is the speed of light. We derive equations for the mean field and for the high-order correlation functions of the magnetic field. To this purpose we use the stochastic calculus that was applied in magnetohydrodynamics ͓15-17͔ and passive scalar transport in incompressible ͓15,16,22͔ and compressible ͓23-25͔ turbulent flows. Magnetic diffusion in this method is described by means of an average over an ensemble of random Wiener trajectories. The solution of the induction equation ͑1͒ with the initial condition H(tϭt 0 ,x)ϭH 0 (x) is given by a modified Feynman-Kac formula ͓15,16͔ with the initial condition G i j ϭ␦ i j for t s ϭt 0 . Here M ͕ ͖ is a mathematical expectation over the ensemble of Wiener paths t s ϭtϩs,
and the Wiener path t ϵ(t,t 0 ) is given by
where w t is a Wiener process. Equation ͑5͒ describes a set of the random trajectories that pass through the point x at time t. The use of this technique of path integrals allows us to derive the equation for the mean magnetic field Bϭ͗H͘, ‫ץ‬B ‫ץ‬t
͑see details in the Appendix͒, where
is the scale-dependent momentum relaxation time, Vϭ͗v͘ is the mean velocity field, and the angular brackets mean statistical averaging. We introduce a tensor ␣ mn and a vector q,
͑10͒
which satisfy the identity ͑for details see the Appendix͒, where the turbulent component of the magnetic field is h(t,x)ϭH(t,x)ϪB(t,x) and 
This form of the second moment corresponds to the condition ٌ•hϭ0 and an assumption of the homogeneous and isotropic magnetic fluctuations. Multiplying Eq. ͑12͒ by r i r j /r 2 and using the identities ͑A14͒-͑A19͒ ͑see the Appendix͒ yields the equation for the correlation function W(r,t)ϭ͗h (x,t)h (y,t)͘:
where h is the projection of the magnetic field h on the direction rϭxϪy and The technique of path integrals that is described in the Appendix also allows us to derive the equation for the high-
where
, and in Eqs. ͑13͒ and ͑14͒ we change
Now we consider the case of a zero mean magnetic field Bϭ0. When the mean field B 0 a source I ͕␣ j ͖ ͑which depends on B and on the structure functions of the lower orders͒ appears in Eq. ͑19͒. We seek a solution to Eq. ͑19͒ in the form
where i j. Substitution of Eq. ͑20͒ into Eq. ͑19͒ yields
Equation ͑21͒ implies that if the second-order correlation function of the magnetic field grows (␥ 2 Ͼ0), then all highorder correlation functions grow. It is shown in Sec. III that under certain conditions ␥ 2 Ͼ0. Note that the higher moments grow faster than the lower moments of the magnetic field. Therefore, the spatial distribution of the magnetic fluctuations is intermittent ͑i.e., ␥ s Ͼs␥ 2 /2). This is in agreement with a dynamo theorem ͓27,15,16͔.
We use in the present paper the ␦-correlated-in-time random process to describe a turbulent velocity field:
where (r) is the scale-dependent momentum relaxation time. It follows from Eq. ͑22͒ that
Using the ␦-correlated-in-time random process allows us to provide the analytical calculations and to obtain closed results for the growth rate of the high-order correlation functions of the magnetic field, the threshold of the generation of the magnetic fluctuations, and their anomalous scaling. The results remain valid also for the velocity field with a finite correlation time if the high-order correlation functions of the magnetic field vary slowly in comparison to the correlation time of the turbulent velocity field ͑see, e.g., ͓28,15,16͔͒. We also take into account the dependence of the momentum relaxation time on the scale of the turbulent velocity field:
, where p is the exponent in the spectrum of kinetic turbulent energy, k is the wave number, and k 0 ϭl 0 Ϫ1 . The equations derived for the high-order correlation functions are valid as long as the momentum relaxation time of the velocity field is small in comparison to the characteristic time of variations of the magnetic fluctuations.
III. GROWTH OF MAGNETIC FLUCTUATIONS
Let us study the evolution of magnetic fluctuations in a low-Mach-number compressible turbulent fluid flow. A mechanism of the generation of magnetic fluctuations with a zero mean magnetic field was proposed by Zeldovich and co-workers ͑see, e.g., ͓16,29͔͒ and comprises stretching, twisting, and folding of the original loop of a magnetic field. These nontrivial motions are three dimensional and result in an amplification of the magnetic field. The magnetic diffusion leads to the reconnection of the field at an X point.
The generation of magnetic fluctuations can be described by Eq. ͑17͒ for the second moment of the magnetic field. We seek a solution of Eq. ͑17͒ in the form W͑t,r ͒ϭ ⌿͑r ͒ͱm
where the unknown function ⌿(r) is determined by
and
We consider the case of small magnetic Prandtl numbers Pr m ϭ/Ӷ1, which is typical for many astrophysical and geophysical applications, where is the kinematic viscosity. The latter allows us to consider magnetic fluctuations only in the inertial range of the turbulent velocity field. We choose the following model of turbulence. Incompressible F(r) and compressible F c (r) components in the inertial range of turbulence rӶ1 are given by
where r d ϽrӶ1, q is the exponent in the spectrum of the function ͗u m u n ͘, r d ϭRe Ϫ1/(3Ϫ p) , p is the exponent in the spectrum of kinetic turbulent energy, and Reϭu 0 l 0 /ӷ1 is the Reynolds number. Thus the functions m(r), (r), and (r) for rӶ1 are given by
Note that the exponent p in the spectrum of kinetic turbulent energy differs from that of the function ͗u m u n ͘ due to the scale dependence of the momentum relaxation time of the turbulent velocity field u. The relation between p and q can be found as follows. The spectrum function of the turbulent magnetic diffusion is defined as ͑k͒ϭ͑k͒E͑k͒,
͑27͒
where k is the wave number, E(k)ϰk Ϫ p is the spectrum function of the turbulent velocity field u, (k) is the scaledependent momentum relaxation time, and ͗u 2 ͘ Thus we obtain that qϭ2pϪ1. Note that if pϾ3/2, the exponent qϾ2. We will see in this section that the magnetic fluctuations can be generated if qϾ2. The solution of Eq. ͑24͒ can be obtained using an asymptotic analysis ͑see, e.g., ͓15,17,23,25͔͒. This analysis is based on the separation of scales. In particular, the solution of the Schrödinger equation ͑24͒ with a variable mass has different regions where the forms of the potential U(r), mass m(r), and therefore eigenfunctions ⌿(r) are different.
Solutions in these different regions can be matched at their boundaries. Note that the most important part of the solution is localized in small scales ͑i.e., rӶ1). The results obtained by this asymptotic analysis are presented below. The solution of the Schrödinger equation ͑24͒ has the discrete ͓for U(r)Ͻ0͔ and continuous ͓for U(r)Ͼ0͔ spectra. The discrete spectrum describes the self-excitation of magnetic fluctuations (␥ 2 Ͼ0), while the continuous spectrum corresponds to the dissipation of magnetic energy (␥ 2 Ͻ0). The solution of Eq. ͑24͒ has three characteristic regions.
In region I, i.e., for 0рrрRm Ϫ1/(qϪ1) , the mass m(r), the potential U(r), and the function W(r) are given by 
where nрk.
The critical magnetic Reynolds number as a function of the parameter compressibility for pϭ5/3 ͑Kolmogorov turbulence͒ and ␤ϭ1 is presented in Fig. 1 . It is seen in Fig.  1 that the threshold for the generation of magnetic fluctuations ͑i.e., the critical magnetic Reynolds number͒ by turbulent fluid flow with ٌ•u 0 is higher than that for the case of incompressible fluid. For incompressible fluid ϭ0 the critical magnetic Reynolds number Rm (cr) ϭ412, while for compressible fluid flow ϭ0.1 the value Rm (cr) ϭ740. For a larger parameter of compressibility the critical magnetic Reynolds number increases sharply. The latter implies that the compressibility impairs the generation of magnetic fluctuations. Now we discuss the effect of compressibility on the generation of magnetic fluctuations. In compressible ideal conducting fluid flow the vector H/ is frozen into the motion of the fluid. In incompressible flow, at any time the mass of the fluid flowing into a small volume exactly equals a mass outflow from this volume. On the other hand, in compressible flow (ٌ•u 0) a mass of fluid flowing into a small volume does not equal a mass outflow from the volume at any instance. Therefore, at times smaller than a characteristic time of the turbulent velocity field the fluid density and the magnetic field H increase ͑or decrease͒ when ٌ•uϽ0 ͑or ٌ•uϾ0). Note that the increase and decrease of the magnetic field in a small control volume are separated in time and small molecular magnetic diffusion breaks a reversibility in time. The latter may cause an additional increase ͗h 2 ͘ caused by the compressibility of the fluid flow. On the other hand, the compressibility affects the turbulent magnetic diffusion as well since it increases the turbulent magnetic diffusion in small scales. When qϾ2 the increase of the turbulent magnetic diffusion is stronger than that the increase of the growth of the magnetic fluctuations due to the compressibility of the fluid flow ͑see below͒. Note also that the scale of the localization of the magnetic fluctuations increases when the degree of the compressibility increases ͓see Eq. ͑32͔͒. On the other hand, the scaledependent turbulent magnetic diffusion increases with the increase of scale. Thus the compressibility impairs the generation of magnetic fluctuations for qϾ2 ͑see below͒.
The Remarkably, a spectrum of magnetic fluctuations proportional to k Ϫ3/2 ͑the Kraichnan spectrum͒ occur when the magnetic energy equals the hydrodynamic energy M (k) ϭE(k)ϰk Ϫ3/2 ͑see ͓31͔͒. Here M (k) and E(k) are spectral functions of the magnetic and hydrodynamic energy, respectively. We have shown here that if the energy spectrum of hydrodynamic turbulent motions is steeper than the k Ϫ3/2 spectrum, the magnetic fluctuations can be generated.
Note that the condition of the validity of the assumption of the very short correlated velocity field is as follows. the magnetic fluctuations. This allows us to estimate the maximum number s of the high-order correlation function of the magnetic field,
when the theory is valid. For the Kolmogorov turbulence (pϭ5/3) and Rmϭ10 6 ͑e.g., the convection zone of the sun͒ we obtain sϽ10 3 .
IV. ANOMALOUS SCALING OF MAGNETIC FLUCTUATIONS
The problems of anomalous scalings for vector ͑mag-netic͒ and scalar ͑particles number density or temperature͒ fields passively advected by a turbulent fluid flow have been a subject of active research in recent years ͑see, e.g., ͓32-38͔͒. The anomalous scaling means the deviation of the scaling exponents of the correlation function of a vector ͑scalar͒ field from their values obtained by the dimensional analysis. For incompressible turbulent flow the anomalous scalings for the scalar field can occur only for a fourth-order correlation function ͑see, e.g., ͓33-35͔͒, while for the vector ͑magnetic͒ field the anomalous scalings appear already in the second moment ͓37͔.
The anomalous scalings of the magnetic fluctuations were considered in ͓37͔ using the model of the ␦-correlated-in-time turbulent velocity field. The correlation time in this model is independent of the scale of turbulent motions. Note that in this model the generation of magnetic fluctuations is possible only for qϭpϾ2. Taking into account the dependence of the correlation time on the scale of turbulent motions, we have shown ͑see Sec. III͒ that the magnetic fluctuations can be generated for 3/2ϽpϽ3. Now we discuss the anomalous scaling for the model with the scale-dependent correlation time of turbulent motions. Consider the case when the magnetic Reynolds number RmϽRm (cr) and the magnetic fluctuations are caused by an external source. The condition RmϽRm (cr) implies that there is no self-excitation ͑i.e., exponential growth͒ of the magnetic fluctuations ͑see Sec. III͒. The solution for the correlation function W(r) in the inertial range is given by W(r)ϳr
cos(blnrϩ 0 ) ͓see Eq. ͑30͔͒. This corresponds to the anomalous scaling of the magnetic fluctuations. The normal scaling for the second moment of the magnetic fluctuations is given by W(r)ϳr 4Ϫ2p . The normal scaling for the second moment of magnetic fluctuations occurs when the flux of magnetic fluctuations over the spectrum is constant, i.e.,
Dimensional analysis shows that under condition ͑35͒ the spectrum of magnetic fluctuations ͑or vector field͒ is given by
When pϭ5/3 the spectrum of magnetic fluctuations M (k) ϰk Ϫ5/3 . Note that the spectrum ͑36͒ is similar to the Obukhov-Corrsin spectrum for the passive scalar ͑see, e.g., ͓39-41͔͒.
Equation ͑36͒ cos(blnrϩ 0 ) can be presented as the real part of the power-law function r with the complex exponent ϭϪ1/2ϪpϪib. This anomalous scaling is significantly different from the normal scaling W(r)ϰr 4Ϫ2p and corresponds to the deviation from the condition ͑35͒ of the constant flux of magnetic fluctuations over the spectrum. The obtained anomalous scaling is valid when the exponent of the energy spectrum of the turbulent velocity field is 3/2ϽpϽ3. When 1Ͻ pϽ3/2 the anomalous exponent in a low-Mach-number compressible turbulent flow is real, i.e., ϭϪ1/2Ϫpϩ͉b(,q)͉. In the case of incompressible turbulent flow (ϭ0) this result coincides with that obtained in ͓37͔.
V. DISCUSSION
In this study we have shown that the magnetic fluctuations can be generated for small magnetic Prandtl numbers, which occur in many astrophysical and geophysical applications. We have studied the effect of compressibility of the low-Mach-number turbulent fluid flow. The compressibility impairs the generation of magnetic fluctuations ͑i.e., the threshold for the generation of magnetic fluctuations by turbulent fluid flow with divu 0 is higher than that for the case of divergence-free fluid flow͒. The reason is that the compressibility results in an increase of the scale of localization of the magnetic fluctuations. In larger scales the scaledependent turbulent magnetic diffusion is larger. However, the contribution of the compressibility to the generation of the magnetic fluctuations proportional to ("-u) 2 is smaller in the larger scales. This results in an increase of the threshold for the generation of magnetic fluctuations in a compressible fluid flow.
The model of very short scale-dependent correlation time of the turbulent velocity field is considered. It is shown that the magnetic fluctuations can be generated even in the Kolmogorov turbulence ͑i.e., for pϭ5/3). The anomalous scaling for the second moment of the magnetic field is found for the case 3/2ϽpϽ3. This anomalous scaling r has the complex exponent ϭϪ1/2ϪpϪib. When 1ϽpϽ3/2 the anomalous exponent in a low-Mach-number compressible turbulent flow is real: ϭϪ1/2Ϫpϩ͉b(,q)͉. In the case of incompressible turbulent flow (ϭ0) this result coincides with that obtained in ͓37͔. The equation for the high-order correlation functions of the magnetic field is derived. It is shown that the growth rates of the higher moments of the magnetic field are higher than those of the lower moments, i.e., the spatial distribution of the magnetic field is intermittent.
The presented analysis explains why in the numerical simulations by ͓20,21͔ the magnetic fluctuations with a zero mean magnetic field were not generated. The parameters in the numerical simulation ͓21͔ with a zero mean field (Bϭ0) are Rmр200 and ϭ0.01. We have shown that even for incompressible turbulent fluid flow (ϭ0) the threshold of the excitation of the magnetic fluctuations Rm (cr) ϭ412 in the case of Pr m р1. Thus the magnetic fluctuations cannot be generated for the parameters used in ͓21͔. Note that the value Rm (cr) ϭ412 also cannot be achieved in laboratory experiments. On the other hand, in astrophysical conditions RmӷRm (cr) and Pr m Ӷ1; therefore the magnetic fluctuations can be generated in the astrophysical conditions. This is in agreement with observations of the magnetic fields in the Sun ͑see, e.g., ͓21͔͒.
Note that the use of the ␦-correlated-in-time random process to describe a turbulent velocity field is certainly an approximation. However, we study in the present paper two specific problems: ͑a͒ conditions for the excitations of the magnetic fluctuations ͑i.e., the threshold of the generation and growth rate of the magnetic fluctuations in the vicinity of the threshold͒ and ͑b͒ the anomalous scaling behavior, which is determined by the ''zero mode'' of the equations for highorder correlation functions of the magnetic field ͑''zero mode'' is a mode with zero growth rate͒.
In the vicinity of the threshold the characteristic time of variations of the high-order correlation functions of the magnetic field is much larger than the momentum relaxation time (r). The latter allows us to use the ␦-correlated-in-time random process to describe a turbulent velocity field.
Note that the problem of the generation and dynamics of the magnetic fluctuations in the turbulent velocity field with a finite correlation time is very important and is a subject for future investigations. A significant difference between the results obtained with a very short correlation time and those obtained with a Navier-Stokes turbulent velocity field probably will be observed in the case of a strong deviation from the threshold of excitation of the magnetic fluctuations. In this case the problem will be strongly nonlinear and may be solved only numerically ͑if large magnetic Reynolds numbers will be achieved in numerical simulations with small magnetic Prandtl numbers͒.
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APPENDIX: DERIVATION OF THE EQUATIONS FOR THE MEAN MAGNETIC FIELD AND FOR THE HIGH-ORDER CORRELATION FUNCTION OF THE MAGNETIC FIELD
We derive here the equation for the mean magnetic field and second moment of the magnetic field. We use here the stochastic calculus ͓15-17,22-25͔.
If the total field H i is specified at time t, then we can determine the total field H i (tϩ⌬t) at time tϩ⌬t by means of substitutions t→tϩ⌬t and t 0 →t in Eq. ͑2͒. 
